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Abstract

We reconsider the problem of altruism and e�ciency in a two agent economy with
public goods. We show that welfare comparisonscan be made, from the point of view of
both sel�sh and altruistic agents, regarding sel�sh vs. altruistic allocations. We obtain
uniquenessof altruistic equilibria for a given altruistic (or sel�sh) pro�le, and completely
characterize the set of altruistic equilibria for all possiblesuch pro�les. For a given pro�le
which producesan ine�cien t allocation due to market failure, there exists a pro�le with
higher altruistic parameters such that the new implied altruistic equilibrium is Pareto
improving with respect to the previous one for both, the original, as well as for the new
economy. Theseresults areusedto proposea mechanism of preferenceformation by which
altruism can arise. The mechanism consists in a seduction game in which the members
of the group fall in love with each other in a subgameperfect equilibrium.
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share it with other peoplewho like it.

GNU Manifesto, Richard Stallman
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The idea that altruism can enhancee�ciency has been present in economic literature
since the seminal papers of J. R. Barro (1974 [3]) and G. Becker(1974 [4]). We shall not
review here the extensive literature relating more or lessdirectly to this question.

Nonetheless,there are somepending issuesin the economicanalysis of public goods,
such as a proper analysisof welfare comparisonswhen altruism increases(and, therefore,
preferenceschange) or proposing realistic models which explain how altruism may arise.

As far as we are aware of, Andreoni (1989, [1]) introduced, for the �rst time in the
literature of public goods, altruistic preferences,building on the impure public goods
formulation of Cornes-Sandler(1984, [10]). Andreoni's paper dealswith issuesof e�cien t
government policieswhen peopleare altruists, but doesnot addressthe issueof e�ciency
improvements when altruism increases.

As it is well known, incentiv e problemswith sel�sh individuals makesthe provision of
public goods often impossibleor ine�cien t. The introduction of altruism in the model,
even though consideredan obvious way of \resolving" those incentiv es problems, poses
sometheoretical issues,not addressedbefore, regarding preferencecomparisons. In fact,
e�ciency is de�ned for a given set of preferences,so that the changeof those preferences,
which occurs when peoplebecomealtruistic, might render the issueof e�ciency improve-
ments ambiguous. Here we characterize the range of altruistic parameters for which
welfare improvements are true for both, the individuals previously consideredrelatively
sel�sh, as well as for the relatively more altruistic peoplethey have become.

The other main question we ask, in the spirit of recent literature on evolution of
preferences(seeHenrich [7], Bergstrom and Stark [?] and [6]) is if altruism itself might
be interpreted as a psychological mechanism, usedsomehow by sel�sh agents, in order to
improve their welfare, given the ine�ciencies derived from using alternative procedures.
Speci�cally , the question could be posedas: Given an economy with public goods, under
what conditions is it better for sel�sh individuals to becomealtruists and how do they do
that? In a two stepgame,weshow that there is a sensein which onecould reasonablymake
such statement, and setup a model of preferencechanges,through a processof mutual
courting that teaches each member of the relationship to go from sel�shness towards
reciprocal altruism. We thus provide a step towards a theoretical foundation for the
phenomenonof altruism in an economy with public goods.

The issueof preferenceformation has basicaly two approaches: selectionmechanisms
through evolution, and teaching-learning mechanisms. Even though there are interest-
ing evolution models that explain altruistic preferenceformation (for example H. Bester
and W. G•uth ([8])), Henrich [7] convincingly argues that altruism in humans are best
explained as a result of \cultural evolution", or transmission through education mecha-
nisms. Humanshave developed brain capacity to learn sometraits, amongthem altruism,
that makessomegroups of them take advantage of and compete favorably becauseof ef-
�ciency gains from altruistic behavior. Even though Henrich [7] talks about education,
and learning capacity, he doesnot provide a speci�c model of how this could happen.

Rotemberg [17] presents a model that is an example of the teaching approach, even
though elementary, of altruism, self teaching in this case.He presents a two stagemodel in
which, at the �rst stage,sel�sh individuals choosetheir degreeof altruism. At the second
stage, agents maximize their preferencesas chosen in the previous stage. It is shown
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that strategic complementarit y in the secondstage leads to the choice of some degree
of altruism at the �rst stage. That is, agents bene�t by changing their tastes towards
altruism. In Rotemberg's model, onemay view altruism as a form of commitment which,
in the presenceof strategic complementarities, can be rationalized.

But is di�cult to justify that you a�ect your own preferences.If you endogenizethe
processthere would be an indeterminacy problem of having a preferencethat acts as
the objective function of the person, which somehow leads the person to change those
preferences.On the other hand, allowing agents to manipulate the tastes of other people
might seemmore natural, and that is the approach we take, as in Stark and Falk [19].
The assumption that people in
uence the preferencesof others in their own self-interest
is justi�ed by many real life situations. One can think of individuals who undertake
actions (such as doing favors, inviting others to dine, bringing 
o wers, etc.) that modify
the friendliness of those targeted. Parents, governments, religious institutions, couples,
working partners and friends are examplesof agents who take such kind of actions.

Stark and Falk [19] set up a model of uncertainty in which a well endowed individual
in the �rst period donatesto other, so that this one, by emphaty, will give a gift back to
the donor if he is in trouble next period. Our model, on the other hand, usesthe learning
capacity of both individuals in the game in a context of public goods, and show that,
in equilibrium, reciprocal altruism is formed. In the model, peoplemay decide whether
or not to spend some e�ort trying to alter the preferencesof the people they interact
with, and we show that there exists an equilibrium in which each individual spends a
certain (strictly) positive amount of his or her resourcesin order to manipulate another
person'sfeelings. And the welfare of everybody involved improves,both from their sel�sh
as well as their altruistic point of view. The result hingesupon the fact of those welfare
improvements, much in the way the resultsof Rottemberg and Besterand G•uth dependon
the existenceof complementarities, and are easily extendedto the speci�c gainsof welfare
due to di�eren t kind of market failure, like in economieswith assymetric information, or
incomplete markets, as described in Marhuenda and P�erez-Mart�� ([11]).

To carry out our modeling, we translate into a public goods economy standard altru-
istic preferencesusedin other �elds. The felicity function of a given personis the sum of
their own pleasurefunction (which is the standard utilit y function for sel�sh people)plus
the pleasurefunction of the personhe or shecaresfor, weighted by an altruistic parame-
ter. This model is usedin macroeconomicanalysesdealingwith intergenerational transfers
and policy issues,2 as well as in microeconomicmodels used to explain the behavior of
relativeswithin a family.3

It is to point out that our model of altruistic preferencesfeatures a natural similarit y
with the one used in welfare analysis for characterizing, by meansof the central planner
approach, the set of Pareto optimal allocations in an economy with sel�sh agents. In this
regard, our model could be thought of as an analysisof the relationships betweenatomic
local planners. They are planners in the sensethat they take into account the resources
and preferencesof the group in order to de�ne the individually ideal allocations for the

2See,for example the seminal paper of Barro (1974, [3]).
3See,for exampleBecker (1974, [4]), Stark (1995, [18]).
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whole society. They are atomic since, unlike the central planner, they do not have the
power to carry out the required transformation of wishesinto reality. And they are local
becausethey care for their neighbors, but not necessarilyfor the whole society. Although
the allocations preferred by individual planners are always e�cien t, the wills of di�eren t
atomic planners in general do not agreewith each other. Neither do they coincide with
those of a central planner. This paper studies the set of their possibleagreements in the
way of showing the set of Pareto optima for various degreesof altruism.

The plan of the paper is as follows. We �rst show some results that allow us to
make welfare comparisonsbetween people displaying di�eren t degreesof altruism. We
then show existenceand uniquenessof Nash equilibrium for a given economy populated
by individuals with a given degreeof altruism. We completely characterize the set of
altruistic equilibria, and show that the set goesin the right direction in terms of welfare.
A corollary is that, indeed,an increaseof altruism improvese�ciency in the Pareto sense.4

Then, we present the model of partner interactions to a�ect their preferences.In the last
sectionwe discussthe limitations of the model and needfor further research, and present
concluding remarks.

2 The Mo del
We consider an economy with two agents, one private and one public good. There is
no initial endowment of the public good but each agent i = 1; 2 has ! i units of initial
endowment of the private good. We let ! = ! 1 + ! 2 be the total endowment of private
goods.

Assumption 1 The preferences of the agentsare represented by utility functions

u1(x1; x2; y) = v1(x1; y) + 
 1v2(x2; y)

u2(x1; x2; y) = v2(x2; y) + 
 2v1(x1; y); (1)

where 
 1; 
 2 � 0, and v1; v2 : IR2
+ ! IR, are strictly concave functions, strictly increasing

in both argumentsand such that for i 6= j ,

vk
ij =

@2vk

@x i @x j
(x1; x2) � 0 (2)

and

lim
xk ! 0

@vk

@xk
(x1; x2) = + 1 : (3)

Here, x i represents the consumption of the private good by individual i = 1; 2, and
y is the output (and consumption) of the public good. Sel�sh preferencescorrespond to

4This last result complements the onesin paper ([11]), in which the caseof incomplete markets is treated.
In that paper it is shown that transfers among inter-relativ es and inter-friends due to altruism are, in fact, a
mechanism to \complete the markets" and improve welfare.
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 1 = 
 2 = 0 and a higher degreeof altruism is associated with larger values of 
 1 or 
 2.
Let the function f : IR ! IR, represent the technology, available to all members of the
society, that transforms private goods into public goods.

Assumption 2 The mapping f : IR+ ! IR+ is strictly increasing, strictly concave, C1

and satis�es f (0) = 0.

Thus, an economy is speci�ed by a vector (v1; v2; f ; 
 1; 
 2; w1; w2). Since we always
assumethat v1; v2; f ; w1 and w2 are constant, it is enough to specify an economy by
the vector (
 1; 
 2). The resourceconstraints for the economy are, then: x1 + x2 + z =
w1 + w2 = ! , and y = f (z), where z is the amount of input of private goods usedfor the
production of the public good.

An allocation (x1; x2) is feasibleif x i � 0, i = 1; 2, and x1 + x2 � ! . So we de�ne the
set

T = f (x1; x2) 2 IR2
+ : x1 + x2 � ! g

as the set of feasible allocations. It is understood here that x i is the consumption by
agent i = 1; 2 of the private good and that an amount f (! � x1 � x2) of the public good is
provided alongwith the allocation (x1; x2). Wenow make our atomic planner assumption.
Agents have not only knowledgeof each other's pleasurefunction, but they are alsoaware
of the private resourcesavailable to each other and of their consumption. Accordingly,
sincethey alsoknow the technology f , they can rationally deducehow much of the public
good is produced. Hencetheir preferencesmay be summarizedby meansof the following
utilit y functions

W 1(x1; x2; 
 1) = v1(x1; f (! � x1 � x2)) + 
 1v2(x2; f (! � x1 � x2)) (4)

W 2(x1; x2; 
 2) = v2(x2; f (! � x1 � x2)) + 
 2v1(x1; f (! � x1 � x2)) (5)

where now we only specify explicitly the consumption of the private good.

De�nition 3 A feasible allocation (x1; x2) 2 T is Pareto Optimal if there is no other
allocation (r 1; r2) 2 T such that for i = 1; 2 we have W i (r1; r2; 
 i ) � W i (x1; x2; 
 i ) with
someinequality strict.

We let P(
 1; 
 2) denotethe setof Pareto optimal allocations in the economy (
 1; 
 2). In
Figure 1 we represent feasibleallocations by points (x1; x2) such that ! � x1 � x2 � 0. The
amount y of public good producedcan be inferred asy = f (! � x1 � x2) � 0. Any private
consumption bundle (x1; x2) within the triangle is feasible, and z is the horizontal (or
vertical) distancefrom the point to the diagonal, which represents a feasibility constraint.
It follows that the graphical representation is useful, sincein the canonicalcase,when f is
the identit y function, the allocation (x1; x2; y) can be visualized directly from the graph.
Figure 1 also shows preferencesand Pareto optimal allocations. It is straightforward to
show that preferencesrepresented by equations (4) and (5) are single-peaked. For the
case
 1 = 0, that peak is represented by the point X 0, wherex2 = 0. Similarly, for 
 2 = 0,
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the peak is represented by X 00. The indi�erence curvesof the sel�sh individiduals enclose
those peaks. Two of the indi�erence curves drawn are tangent to each other at some
feasibleallocation. As pointed out in Figure 1, it can be shown that P(0; 0) is formed by
the set of all such tangency points.5

ww11+w22

ww11+w22

XX
22

XX
11

X' '

X'

P(O,O)

Figure 1: PO Allocations, 
 1 = 
 2 = 0 case

We shall restrict the values of the altruistic parameters. One may say that it is
realistic not to expect large simultaneous values for 
 1, 
 2. In such cases,a con
ict may
be generatedbecauseof \to o much" altruism: each person would prefer that the other
one worked lessfor the common good than he or she wants to.To avoid such situations,
let us focus our attention to the set � = f (
 1; 
 2) 2 IR2

+ : 
 1
 2 � 1g. We study �rst the

5We know that

P(0; 0) =
�

(x1; x2; y) :
v2

2 (x2; y)
v2

1 (x2; y)
+

v1
2(x1; y)

v1
1(x1; y)

=
1

f 0(! � x1 � x2)

�
;

which is Samuelson'se�ciency condition. We are claiming here that

P(0; 0) =
�

(x1; x2) :
W 2

2 (x1; x2; 0)
W 2

1 (x1; x2; 0)
=

W 1
2 (x1; x2; 0)

W 1
1 (x1; x2; 0)

�
:

where

W i
j =

@W i

@x j
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Pareto allocations P as a correspondencefrom � into T. The next result allows us to
make preferencecomparisons.

Prop osition 4 The Pareto correspondence P is decreasing in 
 , i.e. if (
 1; 
 2); (
 3; 
 4) 2
� are such that (
 1; 
 2) � (
 3; 
 4), then P(
 1; 
 2) � P(
 3; 
 4).

Pro of: The Proposition is trivial if 
 1 = 
 2 = 0. Let us assume,for example, that

 2; 
 4 > 0. An allocation (x1; x2) 2 P(
 1; 
 2) i� there is an � 2 [0; 1] such that (x1; x2)
maximizes

�W 1(x1; x2; 
 1) + (1 � � )W 2(x1; x2; 
 2)

= (� + 
 2(1 � � ))v1(x1; f (! � x1 � x2)) + (�
 1 + 1 � � )v2(x2; f (! � x1 � x2)) :

Let a = � + 
 2(1 � � ), b = �
 1 + 1 � � and de�ne � by the equation

a
� + 
 4 � 
 4�

=
b

� 
 3 + 1 � �
;

that is

� =
a � b
 4

a � b
 4 + b� a
 3
:

Since 
 4 � 
 2 and 
 1
 2 � 1, we have b
 4 � b
 2 = �
 1
 2 + 
 2 � �
 2 � � + 
 2 � �
 2 = a.
Likewise,a
 3 � a
 1 = �
 1 + 
 1
 2(1 � � ) � �
 1 + 1 � � = b. So 1 � � � 0. Let

t =
�
 1 + 1 � �
� 
 3 + 1 � �

� 0

Then, we seethat

�W 1(x1; x2; 
 1) + (1 � � )W 2(x1; x2; 
 2) = t
�
� W 1(x1; x2; 
 3) + (1 � � )W 2(x1; x2; 
 4)

�

so (x1; x2) is Pareto optimal in the economy 
 = (
 3; 
 4) as well. Q:E:D :

Figure 2 shows the inclusion P(
 1; 
 2) � P(
 3; 
 4) � P(0; 0). This result might be
viewed as a more general approach to central planner welfare analysis. Here you have
several atomic planners, and the problem is to coordinate their decisions,or aggregate
their preferencesin the social choice sense.In Figure 2, the 
 i correspond to the di�eren t
levels of altruism of the proposition, and are placed in the set P(0; 0) where the peaks
of the functions (4) and (5) occur. It is easy to show that another way to �nd P(0; 0)
is to �nd the peaks of functions (4) and (5), varying the corresponding gamma's from
zero to in�nit y as in standard welfare analysis. It also turns out that when 
 1
 2 = 1, the
peakscoincide,so that the solutions of the atomic plannersare the sameand are equal to
the one proposedby the central planner. In this casethere is no con
ict at all, and the
common preferred allocation is the unique Pareto optimal allocation of the economy.
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Figure 2: E�ciency Comparisons:P is decreasing

Next, we turn to the de�nition of equilibrium. We �rst remark that agent i = 1; 2,
being in the possessionof the initial endowment ! i , can always guarantee for himself the
utilit y

max
0� � � ! i

W i (� ; ! j ; 
 i ) (6)

where j 6= i . Let � i (
 i ) be the solution to the above problem. Now supposeagent j 6= i
could guarantee for himself the consumption x j of the private good. Given this situation,
agent i would choosethe solution gi (x j ; 
 i ) to the following maximization problem

max
0� � � w� x j

W i (� ; x j ; 
 i ) (7)

It is easy to verify that the mappings W 1; W 2 are strictly concave and so, given x j 2
[0; ! j ], there is a unique solution, gi (x j ; 
 i ) to the above problem. Let ' i (x j ; 
 i ) =
maxf gi (x j ; 
 i ); � i (
 i )g. The mapping ' i (x j ; 
 i ) is agent i 's best response (in terms of
consumption of the private good) to the action x j of agent j . Our notion of equilibrium
coincidesnow essentially with the Nash solution.

De�nition 5 A feasibleallocation (x1; x2) 2 T is an Altruistic Agreement for (
 1; 
 2) 2
�, if for every i; j = 1; 2 with i 6= j , we have that x i = ' i (x j ; 
 i ).

In general, there is an inherent con
ict among the agents of this economy, in spite of
their altruism, as we said. We also remarked that only in the case
 1
 2 = 1, what each
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agent wants for himself of the private good coincidesexactly with what the other agent
wants for him or her (the peaksfor equations (4) and (5) coincide for both agents), and
they both agree on the preferred quality of the public good.6 For the other cases,we
postulate the Nash equilibrium solution concept as the outcome of their interaction.

When 
 1
 2 < 1, a Nash equilibrium entails the kind of disagreement in which each
agent, if he or shewere to choosehow to allocate the endowments for the entire economy,
would prefer to curb his own work and have others work more than in the proposedequi-
librium. When 
 1
 2 > 1, on the contrary, a Nash equilibrium would entail an allocation
whereby each agent would prefer to work more himself and lessthe other personthan in
the equilibrium. The case
 1
 2 = 1 generatesan equilibrium that is a Pareto optimal al-
location for both economies,the onewith sel�sh, aswell as the onewith altruistic people.
Furthermore, the Pareto allocation for the altruistic economy is, in this case, the only
possiblePareto optimal allocation, as we said before.

Prop osition 6 Given 
 1; 
 2 � 0, 
 1
 2 � 1, there is (at least) an Altruistic Agreement in
the economy (
 1; 
 2).

Pro of: By the Theorem of the Maximum, the functions ' i : [0; ! ] ! [0; ! ], i = 1; 2
are continuous. Hence,the function  (x1; x2) = (' 1(x2); ' 2(x1)) : [0; ! ] � [0; ! ] ! [0; ! ] �
[0; ! ] is alsocontinuous. By Brouwer's �xed point theorem, there is (x 1; x2) 2 [0; ! ]� [0; ! ]
such that (x1; x2) = (' 1(x2); ' 2(x1)). Thus, (x1; x2) is an Altruistic Agreement. Q:E:D :

We make the necessaryassumptionsso that the solutions to the problems6 and 7 are
determined by the �rst order conditions. Furthermore, for the sake of simplicit y we also
assumethat ' i (x j ; 
 i ) = gi (x j ; 
 i ). This is a realistic assumption for small valuesof the
altruistic parameters. Hence,the mappings' 1 and ' 2 de�ned above are de�ned implicitly
by the equations

D1W 1(' 1(� ; 
 1); � ; 
 1) = 0; D2W 2(� ; ' 2(� ; 
 2); 
 2) = 0:

It follows that ' 1 and ' 2 are C1 functions.

Lemma 7 1. For (
 1; 
 2) 2 � �xed, functions ' i (� ; 
 i ), i = 1; 2 are strictly decreasing
in � .

2. For � �xed, ' 1(� ; 
 1) is strictly decreasing in 
 1, ' 2(� ; 
 2) is strictly decreasing in

 2.

Pro of: By implicit di�eren tiation we have now that ' 0
1 = @' 1=@� is derived from

equation D11W 1(' 1(� ; 
 1); � )' 0
1(� ) + D12W 1(' 1(� ; 
 1); � ) = 0. Thus,

' 0
1(� ; 
 1) = �

D12W 1(' 1(� ; 
 1); � )
D11W 1(' 1(� ; 
 1); � )

:

6In fact, if the maximization problems (6) and (7) were performed over the two �rst arguments, an internal
single peak vector would be obtained as solution, given our assumptions. The result of Marhuenda and P�erez-
Mart �� ([11]) that says that the peakscoincide when 
 1
 2 = 1 apply here too.
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A simple computation shows (using assumptions2 and 1) that

D11W 1 = v1
11 � 2v1

12f 0+ v1
22(f 0)2 + v1

2f 00+ 
 1(v2
22(f 0)2 + v2

2f 00) < 0

and
D12W 1 = � v1

12f 0+ v1
22(f 0)2 + v1

2f 00� 
 1(v2
12f 0� v2

22(f 0)2 � v2
2f 00) < 0

so ' 0
1(� ; 
 1) < 0 and ' 1 is decreasingin � .

By di�eren tiating now implicitly D 1W 1(' 1(� ; 
 1); � ; 
 1) = 0 with respect to 
 1 we have

D11W 1 @' 1

@
 1
+

@
@
 1

D1W 1 = 0

which is the sameas

D11W 1 @' 1

@
 1
= v2

2f 0

However, D11W 1 < 0 and v2
2f 0 > 0, so @' 1

@
 1
< 0. A similar argument applies to ' 2.

Q:E:D :

Prop osition 8 Given (
 1; 
 2) 2 � , the Altruistic Agreement of Proposition 6 is unique.

Pro of: By Lemma 7, for each 
 1 �xed, the function ' 1 is monotonic in � , and thus,
it has an inverse 1 = ' � 1

1 . An altruistic Agreement is determined by a point � such that
 1(� ; 
 1) = ' 2(� ; 
 2).

We claim now that  0
1(� ; 
 1) < ' 0

2(� ; 
 2) for 0 < 
 1
 2 � 1 and all � in the domain of
 1. To seethis �x 
 1; 
 2 such that 0 < 
 1
 2 � 1. Let 
 0

1 = 1=
 2. Note that 
 1 � 
 0
1. After

somecomputation we have that

' 0
2(� ; 
 2) = �

D12W 2(' 1(� ; 
 1); � )
D22W 2(' 1(� ; 
 1); � )

=
v2

12f 0� v2
22(f 0)2 � v2

2f 00+ 
 2(v1
12f 0� v1

22(f 0)2 � v1
2f 00)

v2
11 � 2v2

12f 0+ v2
22(f 0)2 + v2

2f 00+ 
 2(v1
22(f 0)2 + v1

2f 00)

SinceW 1 is strictly concave, the determinant
�
�
�
�
D11W 1 D12W 1

D12W 1 D22W 1

�
�
�
� = D11W 1D22W 1 � (D12W 1)2

is strictly positive. Thus,

 0
1(� ; 
 1) = �

D11W 1(' 1(� ; 
 1); � )
D12W 1(' 1(� ; 
 1); � )

< �
D12W 1(' 1(� ; 
 1); � )
D22W 1(' 1(� ; 
 1); � )

= �
� v1

12f 0+ v1
22(f 0)2 + v1

2f 00� 
 1(v2
12f 0� v2

22(f 0)2 � v2
2f 00)

v1
22(f 0)2 + v1

2f 00+ 
 1(v2
11 � 2v2

12f 0+ v2
22(f 0)2 + v2

2f 00)
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<
v1

12f 0� v1
22(f 0)2 � v1

2f 00+ 
 0
1(v2

12f 0� v2
22(f 0)2 � v2

2f 00)
v1

22(f 0)2 + v1
2f 00+ 
 0

1(v2
11 � 2v2

12f 0+ v2
22(f 0)2 + v2

2f 00)

=
v2

12f 0� v2
22(f 0)2 � v2

2f 00+ 
 2(v1
12f 0� v1

22(f 0)2 � v1
2f 00)

v2
11 � 2v2

12f 0+ v2
22(f 0)2 + v2

2f 00+ 
 2(v1
22(f 0)2 + v1

2f 00)

= ' 0
2(� ; 
 2)

where the last inequality follows becausev2
12f 0 � v2

22(f 0)2 � v2
2f 00 > 0, v2

11 � 2v2
12f 0 +

v2
22(f 0)2 + v2

2f 00< 0 and 
 1 � 
 0
1. The claim is now proved.

Supposenow that there are two Altruistic Agreements � 1 < � 2 such that  1(� 1) =
' 2(� 1) and  1(� 2) = ' 2(� 2). Then  1(� ) � ' 2(� ; 
 2) has two zerosin the interval [� 1; � 2],
so there is � 3 2 (� 1; � 2) such that  0

1(� 3) = ' 0
2(� 3) which contradicts the claim. Q:E:D :

In Figure 3 Altruistic Agreements coincidewith the intersection of the reaction curves
 1 = ' � 1

1 and ' 2, for di�eren t pro�les 
 2 �. At the crossing points,  0
1 < ' 0

2 < 0.
When 
 1
 2 = 1, the graphs of  1( ; 
 1) and ' 2( ; 
 2) cross exactly at the singleton
P(
 1; 
 2) � P(0; 0). We have also represented the caseof (
 1; 
 20), with 
 20 < 
 2, so that

 1
 20 < 1. Here  ( ; 
 1) and ' ( ; 
 20) crossat an ine�cien t allocation, above P(0; 0). In
this case, P(
 1; 
 20) is the segment in the Pareto boundary P(0; 0) that goes from the
point where ' ( ; 
 20) crossesit (which is, precisely, the peak of the function in (5), and is
depicted in the �gure by 
 20) to P(
 1; 
 2).
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Figure 3: Examplesof Altruistic Equilibria
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In order to fully characterize the set of all possibleAltruistic Agreements as (
 1; 
 2)
vary in �, we analyze the structure of the mapping R : � ! T � T which assignsto every
(
 1; 
 2) 2 � its unique Altruistic Agreement R(
 1; 
 2).

First note that R(
 1; 
 2) is given implicitly by the system of equations

D1W 1 = D2W 2 = 0:

The Jacobianof this systemis D 11W 1D22W 2 � D12W 1D12W 2 > 0, whenever (
 1; 
 2) 2 �.
Hence,by the implicit function Theorem, R(
 1; 
 2) is a C1 function of (
 1; 
 2).

By Proposition 7, the function R de�nes a di�eomorphism from the open set A =
f (
 1; 
 2) 2 IR2 : 
 1; 
 2 > 0; 
 1
 2 < 1g into the set of feasible allocations which extends
to the boundary @A = f (
 1; 
 2) 2 IR2

+ : 
 1
 2 = 0g [ f (
 1; 
 2) 2 IR2
+ : 
 1
 2 = 1g. Let

B = f (
 1; 
 2) 2 IR2
+ : 
 1
 2 = 1g.

Prop osition 9 P(0; 0) = R(B ) [ f ( �x1; 0)g [ f (0; �x2)g, where, for i = 1; 2, �x i maximizes

max
0� z� w

vi (z; f (! � z)) :

It follows that R(A) is a region of IR2 with a non{empty interior whose boundary
is determined by P(0; 0) and the graphs of the mappings ' 1(� ; 0) and ' 2(� ; 0). The set
R(A) is represented in Figure 4 as the shadedarea. In the context of Figure 4 we see
also that, in general, a market equilibrium underproducespublic goods, and generates
allocations above P(0; 0). A straightforward consequenceof the characterization of R(A)
is that, given a market allocation that is, say, ine�cien t, there are altruistic parameters
which improve upon that allocation in the Pareto sense.This result is stated formally as

Prop osition 10 Let (x1; x2) be an ine�cient allocation for the society (
 1; 
 2) 2 � . Then
there exists an economy (
 3; 
 4) 2 � with (
 3; 
 4) � (
 1; 
 2) such that, if (x3; x4) is the
Altruistic Equilibrium that corresponds to the economy (
 3; 
 4), this allocation is Pareto
preferred to (x1; x2) in both economies.

This proposition implies that oncepeople increasetheir degreeof altruism by means
of somemechanism, they do not have any incentiv esto reversethe change,asa group. In
other words, individuals have an incentiv e to change their preferences,as a group, from
sel�sh to altruistic. Oncethey have becomealtruistic, they lack incentiv esto changeback
their preferencestowards sel�shness.

3 Preference formation through group in terac-
tion
In the previous section, we have seenthat individuals can bene�t by changing their pref-
erencestowards altruism. How can this happen? We extend now the previous model to
proposea mechanism by which a rational agent i will have incentiv es to manipulate the

12
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preferencesof the other player j 6= i so that j becomesmore altruistic towards i . With
this, we provide an approach to endogenouspreferenceformation.

Here, agents play a two-stagegame. At the �rst stage,each agent i = 1; 2 decidesthe
amount of e�ort hespendson \b eingnice" to the other agent j 6= i . By spendingthis e�ort
she could make agent j more \sympathetic" towards her. We model this phenomenon
by postulating that the e�ort agent i spendson j a�ects the parameter of altruism 
 j of
agent j .

More formally, if agent i spendse�ort t i on agent j 6= i , then the preferencesof agent
j in the secondstageof the gameare given by

uj (x1; x2; y) = vj (x j ; y) + 
 j (t i )vi (x i ; y);

as in the preceding model. But, with the important di�erence that now 
 j = 
 j (t i )
dependson the e�ort of the other agent i 7.

At the second stage, agents play the altruistic public good provition game of the
preceding section and consumption is realized. The payo�s are those obtained in the
altruistic agreement of that game. However, if agent i = 1; 2 has spent e�ort t i during

7This is without lossof generallity, since t i could also enter directly into the utilit y function of j , more like
a private good gift or donation; we focus the analysis on the distinctiv e feature of the model, having in mind
that the gift itself is what could have motivated in practice the chance in preferences,and taking into account
that the gift doesnot alter the results of the model.
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stage1, then his initial endowment of the private good has beenreducedaccordingly to
! i � t i .

Hence,given that the amount of e�ort (t1; t2) hasbeendecidedduring the �rst period,
at the secondstage,agent 1 has the following utilit y function on consumption bundlesx 1,
x2 and y = f (w � t1 � t2 � x1 � x2),

W 1(t1; t2; x1; x2) = v1(x1; f (w � t1 � t2 � x1 � x2)) + 
 1(t2)v2(x2; f (w � t1 � t2 � x1 � x2)) :

Similarly, for agent 2,

W 2(t1; t2; x1; x2) = v2(x2; f (w � t1 � t2 � x1 � x2)) + 
 2(t1)v1(x1; f (w � t1 � t2 � x1 � x2)) :

Abusing notation, we usethe sameW i for utilit y functions as in the previous section,
even though, formally, preferencesnow depend additionally on t 1 and t2. It is natural
to assumethat, if no e�ort is spent on the other agent, then the preferencesremain
unaltered. We also assumethat the greater the e�ort, the greater the e�ect on the other
agent. Formally,

Assumption 11 1. 
 i (0) = 0, for i = 1; 2.

2. 
 0
i (t) > 0, for all t 2 (0; ! i ) and i = 1; 2.

Considerthe mapping � assigningto each (t1; t2) 2 [0; ! 1]� [0; ! 2] the unique altruistic
equilibrium �( t1; t2) = R(
 1(t2); 
 2(t1)) = (x1(t1; t2); x2(t1; t2)) of the induced game at
the secondstagewith preferencesW 1(t1; t2; x1; x2) and W 2(t1; t2; x1; x2).

Lemma 12 The mapping � is di�er entiable. Furthermore,

@x i

@t j
(t1; t2) � 0 if i = j (8)

@x i

@t j
(t1; t2) � 0 if i 6= j (9)

The proof is straightforward if we take into account Lemma7, the discussionspreceding
it, and assumption11. The lemma states that the e�ort spent by, say, agent 1, during the
�rst stagehas the e�ect of increasinghis consumption of the private good at the second
stage. Correspondingly, it reducesthe amount of private good consumedby the other
agent at that stage. Our de�nition of equilibrium is essentially the notion of subgame
perfect equilibrium.

De�nition 13 An allocation (t �
1; t �

2; x �
1; x �

2) � 0 is an equilibrium provided the following
conditions hold:

1. �( t �
1; t �

2) = (x �
1; x �

2).
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2. W 1(t �
1; t �

2; x �
1; x �

2) � W 1(t1; t �
2; �( t1; t �

2)) for any other t1 2 [0; ! 1] and W 2(t �
1; t �

2; x �
1; x �

2) �
W 2(t �

1; t2; �( x �
1; x2)) for any other t2 2 [0; ! 2].

In particular, agents anticipate their future altruistic preferencesat the �rst stageand
evaluate the outcome in view of their preferenceswhen consumption is realized, i.e., at
the secondstage. In view of the results of section 2, the altruistic outcome at the second
stagewould also be preferred from the point of view of sel�sh preferences.

Prop osition 14 There exists an equilibrium (t �
1; t �

2; x �
1; x �

2).

Pro of: Let i = 1; 2 and for �xed t j 2 [0; ! j ], with j 6= i , consider the mapping t i 7�!
W i (�( t1; t2)) with t i 2 [0; ! i ]. Since, it is continuous it attains a maximum say � i (t j )
which is agent i 's best responseto the action t j by agent j . An equilibrium corresponds
to a point (t �

1; t �
2) such that � i (� j (t �

i )) = t �
i for i = 1; 2, i 6= j . So consider the mappings

� i � � j : [0; ! i ] ! [0; ! i ] and � j � � i : [0; ! j ] ! [0; ! j ]. By Brouwer's �xed point theorem
there are �xed points (t �

1; t �
2) 2 [0; ! 1] � [0; ! 2] such that � i (� j (t �

i )) = t �
i for i = 1; 2, i 6= j .

Q:E:D :

Prop osition 15 Let (t �
1; t �

2; x �
1; x �

2) be an equilibrium with t �
i 6= ! i for i = 1; 2. Then,

t �
1; t �

2 > 0.

Pro of: In equilibrium, the allocations (x �
1(t �

1; t �
2); x �

2(t �
1; t �

2)) are de�ned implicitly by
the equations

D1W 1 = v1
1 � v1

2f 0� 
 1v2
2f 0 = 0

D2W 2 = v2
1 � v2

2f 0� 
 2v1
2f 0 = 0

sodi�eren tiating implicitly the �rst equation with respect to t 1 and rearranging terms we
obtain that, at t2 = 0, the derivativesD1x1and D1x2 satisfy the equation

(1 + D1x1 + D1x2)
�
v1

12f 0� v1
22(f 0)2 � v1

2f 00
�

= D1x1(v1
11 � v1

12f 0)

and, in view of the signs of D 1x j and vi
kl , we seethat, whenever t2 = 0, we must have

that 1 + D1x1 + D1x2 < 0. On the other hand, if t2 = 0 then,

dW1

dt1
= v1

1D1x1 � v1
2f 0(1 + D1x1 + D1x2) > 0

which shows that when t2 = 0, agent 1 will want to increaset1 up to the boundary ! 1.
Thus, t2 = 0 cannot be an equilibrium of the game. Q:E:D :
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4 Summary and Final remarks
We have shown that it is possibleto interpret altruism in an economy with public goods
as a mechanism used by members of society in order to improve their welfare. In fact,
individuals might have an incentiv e to deviate and stay sel�sh if they know the other
members of society will evolve towards altruism. Nevertheless, societies (including in
this concept families, groups of friends, countries) with an appropriately higher degreeof
altruism might be more successfulthan others with a lesserdegreeof altruism, due to
e�ciency gains. Our results give someinsight regarding the existenceof a grup �tness
function that makespossiblean evolutionary processthat bene�ts groups of agents with
altruistic prefences,since,if the group producesmore of a local public good, like defenseor
technology, the group is more �t than others to survive. As for the individual incentiv esto
free ride within the group, we present a model of group interaction in which peoplea�ect
the preferencesof others, and reciprocal altruism arisesas a consequenceof investment
in education, depending on the well documented capacity of humans to learn reciprocal
altruism (seeHenrich [7]).

In our model of preferenceformation, even though rational sel�sh agents would prefer
to stay sel�sh in order to \use" the other person, who becomesaltruistic through their
in
uence, they realize that their own preferencesmight changein the processof courting,
and they decide to engagein the game, anyway, gaining more as a reciprocated altruist
than in the previous sel�sh interaction with the sameperson. Since this processmight
lead to a Pareto improvement, it is reasonableto expect that it will be favored by natural
selection, which would explain the \w eakness"of the sel�sh people that allows them to
be able to learn to true love others.

The local interactions model shows how an economy populated by altruists, may reach
complete harmony with complete e�ciency . The failures of the model add the needof a
speci�c combination in the degreesof altruism to the failures of the central benevolent
planner mechanism, sinceeach agent has to know all the citicens, and all re resourcesof
society, as well as being able to calculate the optimal plan. in fact, an extension of the
model to n individuals require that each personcaresfor every other personin society, and
the assumedlevel of rationalit y regarding the amount of information and computational
abilit y becomesunrealistically large. Such a model would su�er from the samecriticism
(at even a larger scale)of impracticalit y as the central planner proposal. One alternative
would be to require that any individual knows and cares only about his neighbor. It
turns out that evolution towards altruism has beenshown8 to be robust only in the cases
of complete information. Individualistic preferencesbecomeevolutiv ely robust in the
presenceof incomplete information. Thus, altruism is more likely to emergein societies
where individuals are rather well informed about each other. This extension, natural in
the model we present here, in which peoplecare for their neighbors, would then have two
advantages: it would be realistic, and it would make the model evolutionarily stable.

The paper also opens a window to consider the copyright laws under a new light. It
might be ine�cien t to enforcea copyright law implying exclusionof a public good when it

8SeeOk and Vega-Redondo(1999, [16]).

16



hasbeenproducedby a spontaneousnon{pro�t movement 9. Accordingly, property rights
of law-excludable public goods, like technology, which are today crucial for any growth
model, should be reconsidered,in at least somecases,in light of e�ciency considerations.
In addition, public policy considerations regarding economicgrowth, due to technolog-
ical development, might include the alternative of preferenceformation and support to
altruistic groups, such as the Free Software movement, that produce such law-excludable
public goods.
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